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[ Abstract 

' We construct the generator of hamiltonian gauge symmetries in a 2+1 dimensional massive 

. theory of gravity, proposed recently, through a systematic off-shell algorithm. Using a field 

dependent map among gauge parameters we show that the symmetries obtained from this 
generator are on-shell equivalent to the Poincare gauge symmetries. We also clarify certain 
subtle issues concerning the implementation of this map. 
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1 Introduction 

A unitary, renormalizable theory of gravity with propagating degree(s) of freedom is a long sought 
goal towards our understanding of gravitation. Recently, such a proposal ('new massive gravity' 
or 'BHT gravity' [Il[2]) with massive propagating modes in 3 spacetime dimensions has gener- 
ated much interest [3lll2j. having particular emphasis on its symmetries [8l[9]. A massive spin 2 
description is quite standard. At the hnearised level of Einstein gravity, we have the standard non- 
interacting Fierz-Pauli (FP) model [13] in any dimension. It is unitary, and in 3D has two massive 
degrees of freedom. Also in 3D, addition of a Chern-Simons term (in the connection variables) 
gives the topologically massive gravity (TMG) model [141[I3- This theory violates parity and 
has one propagating degree of freedom. The BHT gravity is unitary and can give an interacting 
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1 



theory at the non-hnear level, unlike the FP model. It is given by the action 



S = — d^x ^ R 





(1) 



where R, the Ricci scalar is the contraction of the Ricci tensor {R'^^) and K = R^i^R'^'^ — |-R^. The 
BHT model can be both motivated as a non-linear generalization of the FP model, or a soldering 
of two TMG massive modes [151117] , The interesting point to note is that the model is unitary in 
spite of fourth order derivatives present in the action, through the K term. 

Now, interest in 3D gravity is fuelled by studies on the the AdS/CFT correspondence and 
towards understanding fundamental problems such as entropy of the (BTZ-type) black-hole solu- 
tions. The BHT action dTJ can incorporate a cosmological term to give the action 



The unitarity and stability of this model depends in general on the choice of parameters and 
unitarity has been studied in different regions of the parameter space (see for example, [2]). 

A consistent canonical constraint analysis of BHT gravity has been carried out in [H lllSj . In [8], 
this was done in the first-order formulation through the Poincare gauge theory (PGT) construction 
|19H23] . However the gauge generator (from which transformation of the basic fields are obtained) 
is constructed by an on-shell algorithm due to Castellani |24j . This view of symmetries is restricted 
in the sense that it views symmetries as maps between solutions to solutions of the equations of 
motion, rather than as a map between field configurations. 

In this paper, we shall construct the gauge generator of cosmological BHT gravity [2] through 
a hamiltonian algorithm following |25tl26) which is off-shell and uses on the total hamiltonian0 
This procedure has been used recently in the context of diffeomorphism symmetry in string theory 
[28l|29] , second order metric gravity [30] , interpolating formulation of bosonic string theory [31] , 
and also in topological gravity with torsion in (2-|-l)-dimensions [32]. The formalism treats gauge 
symmetries of the action at an off-shell level, i.e. it views symmetries as maps between field 
configurations in the action. 

The derivation of the generator in the present case of BHT gravity is more subtle. The theory 
contains second-class constraints which have not been removed completely through Dirac brackets 
as is usually done (see, for instance, [32]). This is in complete contrast to earlier examples where 
the theories either comprised of first-class constraints and/or second-class constraints which were 
totally removed through Dirac brackets. 

After constructing the generator, we will give explicit expression of the symmetries of the 
basic fields. It will be shown that these symmetries can be mapped to the underlying Poincare 
symmetries through a field dependent map between gauge parameters. This mapping is only 
possible on-shell, i.e. upon imposition of the equations of motion. In particular, we show that 
the symmetry of the triad field 6*^, which is related to the metric through g^i, = ¥^1j'^r]ij, is 
identifiable with the Poincare symmetries upon imposition of an equation of motion that implies 
zero torsion. This is interesting, as it is precisely the condition of zero torsion that takes us 
from the Riemann-Cartan spacetime of PGT to the Riemannian spacetime in which BHT was 
originally formulated, adopting a usual metric formalism. We will also show that though this map 

^See [27] for a treatment of symmetries using the extended hamiltonian formulation. 
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is field dependent, it can be used in the generator both after and before computing symmetries, 
equivalently, to relate the two sets of symmetries. 

We would like to emphasize that the computation of the canonical generator at an off-shell 
level would be important in cleanly obtaining the conserved charges of BHT gravity. Since black 
hole solutions are known to exist in this theory |5l l33ff35] . hence a knowledge of the conserved 
charges would prove to be useful in studying various thermodynamic aspects, like entropy and 
area law. 

Let us now briefly explain the organisation of our article. We begin in section 2 with the canon- 
ical description of the model following [8j , listing all the first-class and second-class constraints of 
the theory. In section 3 we systematically construct the off-shell generator of gauge symmetries in 
detail. In the following section 4, we study the hamiltonian gauge symmetries of the basic fields 
by employing the generator constructed in the previous section. We also study the relation of 
these symmetries to the Poincare symmetries through a mapping of the gauge parameters. In this 
same section, we demonstrate a mechanism for a consistency check of our algorithm. Finally, we 
conclude in section 4 with a short summary. And below, we give a description of some important 
notational conventions adopted in our calculations. 

Summary of conventions: Latin indices refer to the local Lorentz frame and the Greek indices refer 
to the coordinate frame. The beginning letters of both alphabets (a, 6, c, . . .) and (a, /3, 7, . . .) run 
over the space part (1,2) while the middle alphabet letters k, . . .) and (/i, z^. A, . . .) run over 
all coordinates (0,1,2). The totally antisymmetric tensor e*-'^ and the tensor density e^'^'^ are both 
normalized so that e*^^^ = 1. The signature of space-time adopted here is tj = {+, — , — ). 



2 Canonical description of the model 

We begin our analysis with first order form of BHT massive gravity, written in accordance with 
the PGT formalism, where the basic variables are the triads 6*^ and spin connections w*^ [8]. 
The formulation of PGT starts on a globally flat space (here 3D) with a local set of orthogonal 
coordinates at each point. Any global field is written in terms of these local coordinates A* by 
a set of vielbein fields '6' (triads) as A^{x) = 6*^(x)Aj(j;). The Lagrangian is made invariant under 
global Poincare transformations by construction. Localisation of this global Poincare symmetry 
demands the introduction of covariant derivatives = 5^ + Conn^ through compensating con- 
nection variables 'Conn' in the standard manner of constructing gauge theories. The respective 
field strengths defined through the commutator of the covariant derivatives gives the Riemann 
tensor i?*^^ and the torsion T^^i^: 

Here the covariant derivative of the triad is defined as V^5*^ = d^lf ^ + ■^u}\h^y, with uj-' ^ being 
the 'spin connections' arising out of the connection part Conn of the covariant derivative. The 
spacetime naturally occurring in this construction is thus the Riemann- Cartan spacetime with 
non-zero torsion. The transformation of the basic fields under the Poincare transformations are: 
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In the above symmetries, the parameter describing local Lorentz transformations is 6^{x) and that 
describing general coordinate transformations is both transformations being of infinitesimal 
order. It is to be noted that the nature of these transformations depend on the behaviour of a 
field under the action of the Lorentz group. Thus any field having the general nature of the triad 
field ¥ ^, i.e. which transforms as a vector in both spaces, have the same transformations as given 
above in ([J]). In particular, we list the transformations of two fields 'A' and '/' which will be 
required later in this article, 

The first-order BHT model we work with, to begin with, contains the usual Einstein-Hilbert 
piece along with a cosmological term. Now, PGT is formulated on the Riemann-Cartan spacetime 
where both curvature and torsion play their parts. Originally however, BHT gravity was formu- 
lated in the Riemann spacetime, which has zero torsion. To be able to enforce this condition, 
torsion is included in the action via coupling to a dynamical Lagrange multiplier field A*^. The 
distinctive term of the BHT theory which contains the square of curvature is incorporated into 
the action with the help of an auxiliary field, such that the action is rendered linear in curva- 
ture. On imposition of the equation of motion for p^, the curvature square term of original BHT 
is recovered. The lagrangian, with all the above described terms and their individual coupling 
parameters, take the following form: 

C = ae^-P [ah\R,,p - ^e,,^h\W .h'^^ + + \e^'''\\T,,p. (6) 

Here Ri^p and Tiyp are the Riemann tensor and torsion defined earlier, while Lk is defined as: 

^A' = ^^'"'fpRivp - bVK 

Vk = \ {h,r - f) , (7) 

where h denotes the determinant of the basic triad field 6*^. The equations of motion corresponding 
to variations with respect to the basic variables 6*^, w*^, and A*^, respectively, are given below: 

ae^^'^ {aR^yp - ,) - + e^^^V.A,, - ^ 6., - = (8a) 

aaTiyp + ^VJip + eijkVyX''p =0 (8b) 



ieM-Pr,,, = 0. (8d) 



1 
2 

Here f = f^p bj^ is the trace of the field and 7J ^ is defined as: 

T,' = h'^K-\{hkf''-fh'). (9) 

The term 0jj = fij — fji is proportional to the antisymmetric part of the field /*^. Similarly, we 
can define an antisymmetric combination from A*^ as = Xij — Xji. The equations of motion 
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however show that both fields fij and Xij are symmetric [8]. Hence @ij = = 0. Later, in this 
section itself, we see that @ij and appear as constraints of the theory. Thus the symmetry of 
the auxiliary fields is also a result of the constraint structure and does not involve a true equation 
of motion (involving accelerations). 

Next, we summarize the hamiltonian description of the theory along with a proper identifica- 
tion of the constraints d la Dirac, following [8]. The momenta corresponding to the basic fields 
are defined in the standard manner P = The canonical hamiltonian, defined as Tic = pq — C, 



Basic Field 




J ^ 


^ M 


Conjugate Momenta 




p M 

i 


Pi 



Table 1: The basic fields and their corresponding momenta 
after some rearrangements is given by: 

-He = h\ni + uj\lCi + /^o7^. + \\% + (10) 
where the relevant quantities are defined below:- 



7^. = -£^6°"/^i^.„, (11) 

T - -- fOal^T- 
II — „ t ±1 



2 

no/? 



tap 



The canonical analysis of this model, done in [8], treats the second-class sector in a mixed 
manner. It employs a set of Dirac brackets to eliminate a sector of the second-class constraints 
that arise from the primary sector, and fixes the Lagrange multipliers corresponding to the other 
set. Now, it turns out that all the momenta give rise to primary constraints. These are listed 
below: 

:= - e'^^^Xip 5^ ^ (12a) 

:= - 2ae''^P {ahp + ^/,,) 6^^ « (12b) 

P/«0; Pi'^^O. (12c) 

Among the above primary constraints, the set X := (tt^", Hj", ",Pj") fixes the corresponding 
Lagrange multipliers in an appropriately defined total hamiltonian 

T-Lt = T-Lc + sum of all primary constraints. 
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and hence are second class in nature. To eliminate this sector X an appropriate set of Dirac 
brackets is introduced. Consequently, the momenta (vr-", 11^", can now be eliminated 

and the analysis is carried in a reduced phase space with a modified algebra, given below: 



pY = ri'U^^p (13a) 
{^\J'pY=(^^v''eoap (13b) 
{\\J'pY = {-'^rn'a)r,'ieoap. (13c) 

The other brackets in this new algebra turn out to be same as the corresponding Poisson brackets. 
In particular, we note the following brackets, derivable using (fT3|) and using the inverse property 
of the triad field = (5*, 

, ■ (14) 
{h,^A\Y = eoapbyK- 

Since no Poisson brackets are employed in our analysis and all our brackets correspond to this 
reduced space algebra, we will henceforth drop the starred bracket notation and indicate the 
changed algebra with usual braces, i.e. {,}* := {,}. 

The final constraint structure in our reduced space is presented in Table [2] and the required 



First Class Second class 



Primary S(3), = S(4), = H.^ 

Secondary = Ui , S(2)i = /Cj 71, IZ'i 

Tertiary Qij, 

Quartic X) V 

Table 2: Constraints under the modified algebra classified. 

quantities are defined below: 

vr'? :=^.° + /,'P,° + A'„p,° 
'H^ := -Hi + f.iJZi + \\Ti + bf{VpXjk)h\p^'' + b/{Vpfjk)b% 
iC, := /C, - e,,k {X'o /° " f^o^'i p'') " ^^,k ( A " f^oA P'') (15) 
ip:=af + 3Ao + ^^K 
X := X\h^ = A. 

The total hamiltonian density in the reduced phase space may be defined at first as the 
canonical hamiltonian plus all primary constraints that have not been eliminated, i.e. 

nT = nc + u\(^,^ + v\^,^ + w\p,^ + z\p, °. (16) 

However, in the reduced phase space, p^* and ^ are both second-class and are consequently used 
to fix the multipliers w^q and z^q. These can now be added to the canonical hamiltonian density 
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Tic to form a new quantity, often denoted as Ti^^^ 

■.= nc + sum of primary second-class constraints with determined multipliers 

= b\n^ + UJ'o^C^ (17) 

The total hamiltonian density now becomes: 

Ht =T~L^^^ + sum of all primary first-class constraints with arbitrary multipliers 

= b\rLi + J^iC^ + u\7:\^ + v^n,"^. (18) 

In the next section we see, that, it is this modified hamiltonian density T-L^^^ which becomes useful 
in our construction of symmetry generators of this mixed-model, with both first and second-class 
sectors. It plays a part analogous to that played by He in systems with only first-class sector or 
systems where the second-class sector is completely eliminated using Dirac brackets. 



3 Construction of the hamiltonian generator 

In this section we proceed to systematically construct an off-shell generator of the model ^ 
following the method shown in |25p26j. Let us denote the relevant (first-class) constraints in our 
theory (see Table [2]) as: 

^{i) = [^(^)! ^{Z)] ; (19) 

where ^ = 3,4 are primary (first class) constraints, Z = 1,2 secondary (first class) constraints 
and I = 1,2,3,4 constitute all (first class) constraints. The total hamiltonian density (jlSp may 
then be written as 

^T = -H«+x(^^ S(^), (20) 

with the notation x^^^ = "^^'o /t*'^'' = "^^^o- 

By a gauge generator we mean a field dependent quantity G, such that for any quantity F 
which is a function of the basic fields, the bracket {F, G} gives the variation 5F consistent with 
the variations of the basic fields. In particular we then have 

5q = {q,G}. (21) 

Now, the Dirac prescription for the generator is to consider a linear combination of all first class 
constraints 

G = j (fx e^^^^i) (22) 

where e^^^ are the gauge parameters. However, not all of these are independent. We have to now 
eliminate the dependent parameters and write the generator in terms of the independent gauge 
parameters alone. 

We start by noting that the gauge variations are not completely arbitrary, but must commute 
with time derivatives i.e. 
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where -^q = {q,J V-t}- Both sides of (p3]) can be evaluated separately using the generator ([22 



and the total hamiltonian (jlSp . The generator is composed of the first class constraints and the 
total hamiltonian density is the sum of^(i) and the primary first class constraints. So the algebrae 
required will be those in-between the first class constraints and that of the first class sector with 
T-L^^\ For calculation, we introduce some structure functions and calculate these required algebrae. 

By a theorem due to Dirac [36j the first-class constraints must close amongst themselves, i.e. 



(24) 



{$](,),(x),S(^),(:r')} = / d'x"{C^jj)^^^{x",x,x') ^(^(x"). 



Also note that VS^^ (fTTj) is a first-class quantity as the total hamiltonian must be first-class. This 
is analogous to the first-class nature of the canonical hamiltonian in a system with only first-class 
constraints. So we must have 



(25) 



Using the above definitions ()24p and ()25p in ()23p , we reach the following set of equations relating 
the gauge parameters [25t[26j: 



?^(i),S(,),(x) = / d'x' {V'j)Jx',x) ^^jfix'). 







de^^Hpc) 
dt 

dg(^)(x) 
Jt 



d\' e^'\x') 



{Vj){x,x') + jd'x"x^^\x") {C%){x,x\x") 
{Vj) (x,x')+ / d'x"x^^\x") {C^js) (x,x',x") 



(26) 
• (27) 



Among them, the second condition makes it possible to choose (A) independent gauge parameters 
from the set e^^^ and express the generator G (j22p entirely in terms of them. This shows that the 
number of independent gauge parameters is equal to the number of independent, primary first- 
class constraints [37]. As for the first condition, it does not impose any new condition on the gauge 
parameters e. It is actually a consistency check of the whole scheme as it can be independently 
derived, using the second equation and the generator constructed [25l[26]. We will demonstrate 
this explicitly in the case of our model, later. 



Note that the derivation of (j27p is based only on the relation between the velocities and the 
canonical momenta, namely, the first of the Hamilton's equations of motion |25[l26j. The full 
dynamics, implemented through the second of Hamilton's equations = {p,H}^, involving 

accelerations, is not required to impose restrictions on the gauge parameters. Since this is the 
only input in our method of abstraction of the independent gauge parameters, we note that our 
analysis is off-shell. 



3.1 Required algebrae and finding the structure functions 

Before we begin, let us recall that all brackets are computed in the reduced phase space where 
a sector (second-class) of the original primary constraints has been eliminated by modifying the 
Poisson algebra. The algebra thus being used was presented in (fT3]l and its corollary ^T^ ■ 



Algebrae within primary first-class sector: The algebrae in this sector can be calculated directly 
with the definition of 7r"j'' given in (|15p . They all turn out to be either zero, or negligible square 
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of constraint type terms (composed of all constraints, first and second class). 

{it i ,TT J \ = 



{7r'?,n/}=0 (28) 

{n,o,n/} = o. 



Algebrae within secondary first-class sector: This may also be calculated using the basic algebra 
(fT3]) and the definitions (fT5]l . We list these below [8] 



{'Hi,'Hj} — 


—^ijk yf^" 


mXj} = 




{ICi,ICj} = 


jp-k 
^ijk ■ 



Algebrae between primary and secondary first-class: Note that there are two forms of total hamil- 
tonian; T-Lt defined in (jl6p with the Lagrange multipliers for the primary second-class undeter- 
mined, and the other Ht, with Lagrange multipliers corresponding to the primary second-class 
fixed (jlSp . These are equal upto terms which are square in constraints [8] and hence the difference 
is ignored. Now we have {'HtjTt"/'} = Hi, and thus 

{7iT,vr'?} = ^i. (30) 



Using the definition of Tix given in ()18p . and after performing some manipulations, we arrive at: 

fe'o{^.>^'?}+^'o{^.>^'?} = 0. (31) 

Note that the brackets in (j3ip involve the first-class algebra within itself, which is closed. Terms 
linear in constraints must come from some constraint out of Table [2j An inspection of the same 
table reveals that there exist no combination of constraints such that one multiplied by b^Q can- 
cels out the other multiplied with w'q. Thus the brackets in question must themselves be zero. 
Similarly, the bracket {Tir, ^i^} = results in the other set of brackets (between Yi^' and T-Lj or 
K,j) to also be equal to zero. We list the results below: 

{£ . vr'7} =0 

- n (32) 

{^.,n,0} = o 
{£„n,0} = o. 



Structure functions of the algebrae within first-class: We can now collect and list the C jj^''s 
defined in ()24p from the results of all the previous algebrae calculated in this section. Only the 
non-vanishing ones are explicitly written. 

{C\,)^^^{x",x,x') = -eijn {f\ - f^l) S{x - x")5{x" - x') 

{C^ 12). i jk^x" ,x,x') = -eijkd{x - x")6{x" - x') (33) 

{C\2),jk(^", ^, ^0 = -eijk Six - x")5ix" - x') 

In particular, we see that structure functions for algebrae within the primary first-class vanishes. 
Also, since the algebrae between any two first-class constraints can be expressed in terms of only 
the secondary first-class, all the C^^, turn out to be zero. 
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Algebrae between T-L^^^ and first-class constraints: The other other set of required algebrae ()25p 
can now be calculated using the definition H^^^ = b^QTli + w^q^,. We note that this is just a 
combination of the secondary first-class constraints. So we use the appropriate algebrae between 
first-class constraints in the calculations. 



Structure functions of H^^^ with first-class sector: The set V^j defined in ()25p can be read off 
from the algebrae (|34|) calculated above. We list the non-vanishing ones below: 





,x) 


= eijk(^\5{x - 


x') 




,x) 


= ^^ji b\ {fk - 


-f6i) 6{x-x' 




,x) 


= ^ijkb\5{x - 


x') 




,x) 


= ^ijk^\Kx - 


x') 




,x) 


= VikS{x - x') 






,x) 


= r]ik5{x - x'). 





(35) 



3.2 The generator 



Having found all the required structure functions, we can now construct the relations between the 
gauge parameters e^^^ given through the master equation ([27|) . 



(3)i _ M)kJ 



(36) 



Note that the algebrae between the primary first-class constraints with all other first-class being 
zero ([33]) . no C-structure function appears in the above relations. After using these equations ([36]) 
in the generator (|22p to eliminate the gauge parameters e^^-* and e^^\ we obtain the generator in 
terms of the two independent gauge parameters e^'^'^ and e^^^. 

G = jd^x + e^^^ 4^ 00,0 + e^^^^ e^^ 6,0} vr'? 

+ + e^^^^ e^^ a;,o + e^^^e,'^' 6,0 (/, ^ - f5f) } 

+ e(i)^?i. + e(2)i/cj . (37) 
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The parameters can be renamed (e^^^ = r, e*^^^ = a), and the expression ()37p be arranged to 
arrive at the generator 

= d*n,o + a' 

The above generator was also reported in [8j, where an on-shell method of constructing gauge 
generators fohowing ^3], was used. Our's however, is an explicitly off-shell method of construction. 
Also note that that the number of independent gauge parameters here (3 + 3 = 6) is equal to the 
total number of (independent) primary first-class constraints (see Table [2]), as mentioned earlier 
(see discussion below eq. [27|) . 

In the next section, we construct the symmetries of the basic fields obtained by the above 
generator and study their relation with the underlying Poincare symmetries of the model. 



v(x)] 



-11. , J ''kO d ( fkn 



(38) 



ilkO 



4 The symmetries and their mapping: hamiltonian to Poincare 



The symmetries of the basic fields (^*^, w*^, /*^, A*^) can be calculated using the generator ([38]) 
constructed in the previous section. The algebra used (fT3]) is that defined in the reduced space as 
explained earlier in Section [21 Thus the variation of the triad field '6' is 

6Gb\ = d^r'^ - e%T^u;\ - i^,^cy^h\. (39) 

It is clear from a comparison between this symmetry generated via hamiltonian gauge generator 
and that of the PGT symmetry ([3]) of '6', that the Poincare symmetries of local Lorentz rotation 
and general diffeomorphism cannot be identified in the set 6Qb^(-. We therefore map the arbi- 
trary gauge parameters r* and a* to the Poincare parameters ^'^ and 6^ to recover the Poincare 
symmetries. The map used is 

. ' (40) 
a' = -0' - u:' ^. 

This type of map was reported earlier in studies of topologically massless [32l[38] as well as 
massive [39j models of gravity. In [32], it was shown explicitly that though both 5g and 6pgt 
generate off-shell symmetries, they can be related to each other through the map ()40p only on- 
shell, i.e. upon imposition of the equations of motion. We will shortly see that something similar 
also happens here. 

On using the above map in ([39|) . we get the following form of symmetry for the triad: 

6ah\ = -d^e h\ - e d^b\ + e%eVpi^\ + e^,kO'b\ + e%e^\b\ 

= -dee b'^p - e dpb\ - e^^^b\e^ + e [dpb\ - dcb% + i^,kU:\b\ - e^,kLo\h\ 



h\ + ^PT\.. (41) 
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We thus recover the PGT symmetry, but modulo terms which vanish on-shell. To see this, note 
the equation of motion ()8dp corresponding to the field A. Since torsion is antisymmetric in its 



Greek indices, i.e. T*^^ = — T*^^, we have 

tivp j^i ^0 =^ T =0 

^ ^ up " ^ ^ up 

This phenomenon - that among all the equations of motion the imposition of vanishing torsion 
is required to come back to the PGT (local Lorentz + diffeomorphisms) symmetries, from the 
hamiltonian gauge symmetries, is remarkable. As was earlier noted, the difference between the 
original and PGT formulation of BHT theory lies in that the former is built on Reimannian 
spacetime (only curvature, zero torsion), while the latter on Riemann-Cartan spacetime (both 
curvature and torsion). So we do not find it surprising that the triad field 6*^, which alone makes 
up the metric gfj,^-, is restored to its expected PGT symmetry by use of zero torsion condition. 

Coming back to hamiltonian gauge symmetries, let us examine another field, the axillary field 
'/'• The gauge transformation of '/' generated by the generator (f38|) is 



2\ 



e'^.T^X'j^ - ) e'^^,T^X\b'j^ - e%a^f\. (42) 



Use of the map (j40p in the above transformation gives 



a 
m 



2 



a 



+ ^ e^op [^^^f ^ + ^V^'oA^J - f\ • (43) 

As seen earlier in case of the triad, here too we see that the hamiltonian symmetry is equal to 
the PGT symmetries modulo the equations of motion. In this case, the equations of motion for 
the fields 'A' and ^uj' ([8]) are required to identify with the PGT symmetries. Also in the above 
computations, use of the constraint O*-' = Z*-' — J-'* is required. 

The symmetries for the other two fields 'cj' and 'A' also give similar results, only the algebraic 
nature is more involved. Thus all the fields have two sets of symmetries, the PGT symmetries 
and the hamiltonian gauge symmetries. Both of these are off-shell in nature. But they can be 
identified with each other only on-shell. 

Now, a subtle issue arises in this identification of the two symmetries through the use of the 
map (HDD. The map between the two sets of independent gauge parameters is field dependent in 
nature. As a result, one may wonder whether one can use this map at the level of the generator, 
i.e. before computation of symmetries. Once the map is used in the generator itself, it will give 
rise to non-trivial brackets with other fields when computing the symmetries. The proper way to 
frame the question would be to study the commutativity manifested in the diagram: 



G[T,a] > <5[ 



T,cr 



Map 



Map 



G[i,0] > — > SpGT 

^ on-shell 
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The issue however can be resolved on noting that the generator is nothing but a combination of 
(first-class) constraints multiplied by the gauge parameters, and possibly, other fields. Thus, when 
terms apart from the constraints (in this case - especially the parameters) gives rise to brackets, 
they are rendered insignificant due to multiplication with a constraint. So it is immaterial whether 
we use the map in the gauge symmetries generated by the hamiltonian generator, or in the mapped 
generator itself. 



If we use the map (poj) in the generator (|38|) constructed in the previous section, we get, upto 
terms proportional to square of constraints 

G = -e [b^TT,^ + oo\U,^ + X\p,^ + f\P, 0] - 



em, 



ICi 



(44) 



This generator also generates symmetries of the basic fields and these agree with those of PGT 
on-shell 0. Thus our results are in agreement with the above conclusion of commutativity of the 
diagram given above. 



4.1 Consistency check 

We will now finally show an internal consistency check of the algorithm given through the relation 
()26p obtained in section [3j This relation, unlike its twin ()27p . is not a new restriction on the gauge 
parameters as it can be independently derived through use of ([27|) and the generator ([38]) as was 
shown in [26]. Note that the construction of the generator itself is independent of ()26p . We start 
with an observation on the equation of motion of the field 6'q 

b'o = Wo, f -Ht} = u\, (45) 



where in the last step, we used the total hamiltonian density given in (jlSp . The variation of the 
Lagrange multiplier u'g can thus be obtained from the variation of the field 6'q calculated in ()39p 

5h\ = dor' - e^.^r'u^'o " e^fc^^'^'o- (46) 

So, we have 



5u\ = j^5h\ = f^[r'- e'jur^^\ " ^',kcy'h\\ = e^'>\ (47) 

Use has been made of the redefinitions (e^ and the relations between the gauge 

parameters ()36p which were found by employing only the second relation ()27p . Turning now to 
the first relation (j26p that also gives variations of the Lagrange multipliers, we see for ^ = 3, i.e. 

6x^'^ = 5u\ = fd'x e^^^\v])\ - [ d'x / d'x' x^^^= {C'jsY (48) 



.(3)i 



— J u c- yv 1) j^- J u. ^ c ■ J ^ A, ■ \^ IB) jk 

Since = ([35]) and C^^^ = ([MI), we finally get 

/7p(3)i 

SW, = — , (49) 

which is nothing but (|47p . This shows the internal consistency of our scheme. 
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5 Discussions 



In this paper we have constructed the hamiltonian gauge generator of the cosmological BHT 
model described in first-order form by the action ([6]) using a completely off-shell method. We 
have explicitly found the hamiltonian gauge symmetries resulting from this generator and shown 
that these symmetries can be mapped to the Poincare symmetries only on-shell, through a mapping 
of the gauge parameters. Remarkably the vanishing torsion condition, which takes us from the 
Riemann-Cartan spacetime of first order PGT formulation to the usual metric formulation in 
Riemann spacetime, plays an important role in this on-shell mapping. We also noted that the 
map used by us, which is also quite common in the literature [521 [MIES]) is field dependent. 
We clarify why this does not cause any problem in computation of the symmetries through the 
generator. It can be used both directly in the generator, i.e. before computation of symmetries 
and also after computation of symmetries through the generator. The two processes were shown 
to be equivalent. 

Finally we would like to comment that our results would be useful in finding the corresponding 
conserved charges of BHT gravity consistently at an off-shell level. This would in turn play an 
important role in the obtention of the central charges of the asymptotic symmetry. 
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